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Derivative-free optimization (DFQ): what and when?

Why Convergence Holds (Contradiction Argument)

» Let X be a cluster point with V£(x) # 0, set /3(x) = VFf(x)' (x — X).
» Prove /zx(xx) — 0.
» Strongly convex:

%Hx —x|* < (f(x) — £(%)) — Lx(x).

Solve an optimization problem

min f(x)

xcR"
using function values but not derivatives (classical or generalized).

SO X, — X.
» Convex: Bregman distance gives V£ (x,) — V£ (X).
» Both contradict o] — 0 for some block r, so Vf(x) = 0.

Derivatives are not available even though f may be smooth.

not available: the evaluation is impossible or too expensive.

Nonconvex Case: Step-Size Stability

A Gap Between Performance and Simplicity in DFO Methods

. » |n nonconvex analysis, convergence requires a balance between
Model-based Direct-search | | YIS, g. X .
. step-size expansion -y, contraction 6, and block visits.
Performance good less satisfactory | | T o T o
| . . . . » This balance is required in addition to infinite block visits.
mplementation complicated relatively simple

Simple implementation

» Goal: simple direct search with satisfactory performance.

Blockwise Direct Search Framework
Algorithm: Blockwise Direct Search (BDS)

» BDS can be implemented in one A4 page.
» The code has fewer than 40 lines.

Input: x e R", 0 <0 <1< 7, 04(1), ...,af € (0,00), a forcing
function p, and a blockwise searching sets D, ..., D™

for k=0,1,... do

Select one block, whose index is denoted by r.

if there exists d € D" such that f(xx + ad) < f(xx) — p(a}) then

Set Xx41 = x¢ + o d and | = Y.

else

tSet Xk+1 = Xk and CvlrﬁLl — (9&/2

output . funcCount=nf ;

output . terminate=terminate;

Satisfactory performance

Set o) , = o' for all unvisited blocks 1. |
B k+1 k :

—bds | —bds
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(a) 7=10" (b) 7 =10~

Choosing Directions and Blocks for Convergence

» For convergence, it is sufficient to work with arbitrary basis Unconstrained problems, 6 < n < 50
B =[bi,..., b, » BDS shows satisfactory performance. |
> Let Iy,..., I be a partition of {1,...,n}, and define
D' ={+b;: icl}, r=1....m. Observed function value:

f(x) = f + max(|f],1)or(x),
where r(x) ~ N(0,1) and 0 = 10>,

A General Condition for Choosing Blocks

» BDS allows several ways to choose the next block. \
» For convergence, we only need that each block is selected infinitely ArJF L
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» This includes cyclic, random, and many other rules. j T |
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Assumptions for Convergence | - —

————— adaptive-fd-bfgs —-—-— adaptive-fd-bfgs | |
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Unconstrained problems, 6 < n < 50

Adaptive stepsize for FD-BFGS: h = /o max(|f], 1)

The Full BDS Solver

ver scales the initial step-size using xp.

» f is continuously differentiable and bounded below.
» Vf is L-Lipschitz continuous.
» Strongly convex case: f is u-strongly convex.

» Convex case: f is convex, and the initial sublevel set £y is bounded.

Theorem (Global Convergence for Convex Problems)

Suppose the assumptions above hold and each block is selected in-
finitely times. Let f* = inf, f(x). For convex f, BDS satisfies

f(xgx) — 7, Vf(xyx) — 0.

» BDS solver handles invalid function values robustly.

» BDS solver avoids wasted evaluations.
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