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Zeroth-order / Derivative-free optimization (DFO)

x f f(x)

Minimize f using function values, not derivatives.
For many problems, f(x) comes from running a simulation, not from an explicit formula.
Function evaluations are typically the dominant cost: use as few as possible.
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A simple DFO method: direct search

e1−e1

e2

−e2

x0

D = {e1,−e1, e2,−e2}, and DS keeps one shared step size αk.
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A simple DFO method: direct search

x0 α0

The e1 trial gives enough decrease.
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A simple DFO method: direct search

x0 x1

Accept and expand: x1 = x0 + α0e1, α1 = 2α0.
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A simple DFO method: direct search

x1 = x2

α1

Fail and shrink: x2 = x1, α2 =
1
2α1.
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A simple DFO method: direct search

x2

x3

α2

With the smaller step size, the −e2 trial is accepted.
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A simple DFO method: direct search

x3 = x4 α3

Fail and shrink again: x4 = x3, α4 =
1
2α3.

It is not reasonable to have one single stepsize for all directions!
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Unsatisfactory performance of classical direct search

Performance ratio
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(b) τ = 10−3

122 unconstrained CUTEst problems, 6 ≤ n ≤ 50

NEWUOA is a widely recognized benchmark in the DFO community.
Classical DS leaves a clear performance gap.
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An improved direct-search method?

x0 α1 = 1

α2 = 1

D1 = {e1,−e1}, D2 = {e2,−e2}.
Block 1: the e1 trial gives enough decrease.
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An improved direct-search method?

x1 α1 = 2

α2 = 1
×

×

Block 2: both trials fail.
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An improved direct-search method?

x1 α1 = 2

α2 = 1/2

After one round: α1 = 2 and α2 = 1/2.
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An improved direct-search method?

x1 α1 = 2

α2 = 1/2

Block 1: the e1 trial succeeds again.
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An improved direct-search method?

x2 α1 = 4

α2 = 1/2

Block 2: the e2 trial gives enough decrease.
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An improved direct-search method?

x3 α1 = 4

α2 = 1

After two rounds: α1 = 4 and α2 = 1.
Each block learns its own scale.
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Blocking substantially improves direct search
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122 unconstrained CUTEst problems, 6 ≤ n ≤ 50
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A General Framework for Blockwise Direct Search (BDS)

Algorithm 1: Blockwise Direct Search
Input: x0 ∈ Rn, 0 < θ < 1 ≤ γ, α1

0, . . . , α
m
0 > 0, c > 0, and block direction sets D1, . . . ,Dm.

for k = 0, 1, . . . do
Select a block ik ∈ {1, . . . ,m}
if there exists d ∈ Dik such that f(xk + αik

k d) < f(xk)− c(αik
k )2 then

Set xk+1 = xk + αik
k d and αik

k+1 = γαik
k

else
Set xk+1 = xk and αik

k+1 = θαik
k

Step sizes of unvisited blocks remain unchanged: αj
k+1 = αj

k for every j ̸= ik.
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Flexible block selection

Every block is selected infinitely often.

#{k : ik = i} = ∞ for every block i.

No frequency or order is prescribed.
Blocks may be selected deterministically or randomly.
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Directional requirement:
⋃

iDi positively spans Rn

e1−e1

e2

−e2

−g

θ

Every v ∈ Rn is a nonnegative combination of directions in the
union: v =

∑
r λrd

r, λr ≥ 0.

Hence, for every nonzero gradient g, some direction in the union
satisfies g⊤d < 0: a descent direction.

Positive spanning sets are abundant: every basis {b1, . . . , bn}
generates {±b1, . . . ,±bn}.
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Convergence: L-smooth, convex, bounded initial level set

The iterates have a cluster point x̄.

Every block step size vanishes: αi
k → 0 for every block i.

If x̄ were nonstationary, convexity and Bregman distance would imply that some
block step size is eventually nondecreasing.
This contradicts αi

k → 0.
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Directional extrapolation in BDS: a 2D illustration

For n = 2, visit {e1,−e1} and {e2,−e2} alternately.

start block 1
block 2

extrapolation trial

Optional extrapolation trial: continue along the combined displacement of the two block moves.
No line search along the extrapolation direction is performed.
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Other practical mechanisms

Initialization: choose initial step sizes blockwise from the scale of x0.

Stopping: reuse existing trial values without extra function evaluations.

Failed simulations: if a trial errors or returns NaN, assign +∞ and continue.
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Performance of the complete BDS solver
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Noise model and experimental setting

Observed function value:

f̃σ(x) = f(x) + max{|f(x)|, 1}σZ, Z ∼ N (0, 1).

Z is sampled at every function evaluation.

In our experiments:
problem set: 122 unconstrained CUTEst problems
dimensions: 6 ≤ n ≤ 50

noise level: σ = 10−3

budget: 500n function evaluations
runs per noisy problem: 5
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Performance of the BDS solver under noise

Performance ratio

1 4 8 32 64 256

P
er

fo
rm

a
n
ce

p
ro
-
le

s
(t

o
l
=

1
0
!

1
)

0

0.2

0.4

0.6

0.8

1

BDS	solver
NEWUOA
FD-BFGS

(a) τ = 10−1

Performance ratio

1 2 4 8 16 32

P
er

fo
rm

a
n
ce

p
ro
-
le

s
(t

o
l
=

1
0
!

3
)

0

0.2

0.4

0.6

0.8

1

BDS	solver
NEWUOA
FD-BFGS

(b) τ = 10−3

Adaptive forward-difference step for FD-BFGS: h(x) =
√

σ max{|f̃(x)|, 1}.
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Conclusions

Independent block scales substantially improve direct search.
For smooth convex objectives, BDS converges under very general algorithmic conditions.
The complete BDS solver is practical and competitive.
BDS is robust to noise without specialized noise handling.

BDS on GitHub

Thank you!
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Appendix



Appendix: acceleration ablation
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Appendix: initial step-size selection
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Appendix: termination without extra evaluations
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Appendix: performance under orthogonal transformations
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Appendix: transformed problems under noise
Noise level: σ = 10−3
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